Differential Krull dimension in differential polynomial extensions by Smirnov, Ilya
ar
X
iv
:1
10
3.
00
46
v1
  [
ma
th.
AC
]  
28
 Fe
b 2
01
1
Differential Krull dimension in differential polynomial
extensions
Ilya Smirnov1
Department of Mechanics and Mathematics, Moscow State University, Russia, 119991
Abstract
In the present paper, we investigate the differential Krull dimension of rings
of differential polynomials. We prove a differential analogue of the Special
Chain Theorem and show that some important classes of differential rings
have no anomaly of differential Krull dimension.
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1. Introduction
In the theory of algebraic differential equations, we have the notion of the
differential dimension of the set of solutions. Roughly speaking, the dimen-
sion shows how many independent solutions we have. But this characteristic
describes the “global behavior”, that is the behavior of a “typical” solution.
If we study solutions near a given one, many different anomalies occur. The
examples can be found in [1, 2].
In [3, p. 607], it is noted that the notion of differential Krull dimension
should play the desired role locally. And one of the most important questions
is whether a differential integral domain being differentially finitely generated
over a field is differentially catenary [3, p. 608]. This question is related with
the behavior of descending chains of differential prime ideals. Such chains
were investigated in [4] and [5]. But these papers did not provide a full
answer. The last deep result about differential Krull dimension was obtained
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in [5] and, after this paper, there were no results in this direction because of
the lack of technique.
In the present paper, we investigate the differential Krull dimension of
an extension by differentially transcendental elements in the ordinary case.
Even this case has not been well-understood yet.
Precisely, we study possible bounds for the differential Krull dimension
of a differential polynomial extension. The study was inspired by works of
Jaffard and Seidenberg on the Krull dimension of polynomial extensions. It
should be noted that it is more difficult to manipulate with differential Krull
dimension in comparison with Krull dimension. In particular, this is because
differential Krull dimension appears together with differential type and we
have to deal with infinite sequences of differential prime ideals. Therefore,
the classic methods used in the dimension theory of commutative rings do
not work in the differential case.
Our main results are Theorem 29 and its applications (Theorems 30
and 43 and their corollaries). The theorem is a differential analogue of Jaf-
fard’s Special Chain Theorem [6, The´ore`me 3], which is a very important
result on the behavior of prime chains in an arbitrary polynomial ring (for
applications, see [7], [8], and [6]).
Rings with the well-behaved dimension of extensions are called Jaffard
rings, that is rings of finite Krull dimension with dimR[x1, . . . , xn] = R +
n for all n, i.e., the minimal possible value of the dimension holds. We
call the corresponding class of differential rings, with the minimal possible
dimension of extensions, as J-rings. As an application of Theorem 29, we
obtained that all Jaffard rings are J-rings if they contain rational numbers
or, more generally, are standard (Definition 7) (this condition is in some
sense necessary, as Example 2 shows). Also, we proved that, under the same
conditions, a differential ring with a locally nilpotent derivation is also a J-
ring. This shows that both the commutative structure of a differential ring
and properties of the derivation have an impact on the chains of differential
prime ideals of differential polynomial extensions.
The paper is organized as follows. In Section 2, we give definitions and
prove basic properties of differential Krull dimension. Section 3 is devoted
to our main result, that is the Special Chain Theorem (Theorem 29). All
technical lemmas are proved in Section 3.1. In Section 3.2, we prove Theo-
rem 29 and its immediate corollaries. In Section 4, we introduce some classes
of differential rings with “good” properties of differential Krull dimension.
Section 4.1 deals with ∆-arithmetical rings; in Section 4.2, we study locally
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nilpotent derivations, and, in Section 4.3, we apply the latter material and
the Special Chain Theorem to well-known classes of rings.
2. Basic definitions and properties
All rings considered in this paper are assumed to be commutative and to
contain an identity element. A differential ring is a ring with finitely many
pairwise commuting derivations. An ordinary differential ring is a ring with
one distinguished derivation. An ideal of a ring is called differential if, for
each element of the ideal, its derivation belongs to the ideal. The set of all
prime differential ideals of a ring R will be denoted by Spec∆R and will be
called a differential spectrum.
A homomorphism f : A → B, where A and B are differential rings, is
called a differential homomorphism if it commutes with derivations. For an
arbitrary differential ideal b ⊆ B, the ideal f−1(b) is differential and is called
the contraction of b. The contraction of b is denoted by bc. For an arbitrary
differential ideal a ⊆ A, the ideal f(a)B generated by the image of a is
differential and is called the extension of a. The extension of a is denoted
by ae. If q ⊆ B is a differential prime ideal, then its contraction is a prime
differential ideal. Therefore, we have the map f ∗ : Spec∆B → Spec∆ A by
q 7→ f−1(q) = qc. For a prime ideal p ⊆ A, the set (f ∗)−1(p) is called the
fiber over p.
The definition of differential Krull dimension is given by Joseph Johnson
in [5]. We will use a slightly modified version of the definition. Namely,
we want the differential type of a differential ring with the only differential
prime ideal to be zero.
Definition 1. Let R be a differential ring and X ⊂ Spec∆R. There is a
unique way to define the function called the “gap” measure
µ : { (p, p′) | p, p′ ∈ X, p ⊃ p′ } → Z ∪∞,
such that the following conditions hold:
1) µ(p, p′) ≥ 0
2) µ(p, p′) = 0 if and only if either p = p′, or there is no infinite descending
chain of distinct differential primes in X such that p = p0 ⊃ p1 ⊃ . . . ⊃
p′.
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3) If d > 0 is a natural number, µ(p, p′) ≥ d if and only if p 6= p′ and there
exists an infinite descending sequence (pi)i=0,1,... of differential primes
in X such that p = p0 ⊃ p1 ⊃ . . . ⊃ p
′ and µ(pi−1, pi) ≥ d − 1 for
i = 1, 2, . . ..
For an arbitrary subset X ⊆ Spec∆R, define type∆X to be the least
upper bound of all the µ(p, p′), where p ⊇ p′ are elements of X , and call it
the differential type of X . The differential type of a differential ring R is the
differential type of its differential spectrum and is denoted by type∆R. We
define the differential dimension of X to be the least upper bound of n ∈ Z
such that there exists a descending chain p0 ⊃ p1 ⊃ . . . ⊃ pn of differential
prime ideals in X with µ(pi−1, pi) = type
∆R for i = 1, . . . , n and will denote
it by dim∆X .
It should be noted that, in the definition of the differential dimension of
a subset X , we use type∆R instead of type∆X for pairs of differential prime
ideals. If Spec∆R is non-empty, type∆R is well-defined.
Definition 2. Let p, q ∈ Spec∆R, p ⊂ q. Then we will use the following
notation:
• The differential dimension of Spec∆R is called the differential dimen-
sion of R and is denoted by dim∆R.
• The differential height of q is the differential dimension of the set
{q′ ∈ Spec∆R : q′ ⊂ q}
and is denoted by ht∆ q.
• The differential height of q over p is the differential dimension of the
set
{q′ ∈ Spec∆R : p ⊂ q′ ⊂ q}
and is denoted by ht∆ q/p.
• The differential type of q over p is the differential type of the set
{q′ ∈ Spec∆R : p ⊂ q′ ⊂ q}
and is denoted by type∆ q/p.
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Remark 3. It should be noted that, if 0 < type∆R <∞, then dim∆R > 0.
If R is a differential ring and n is a positive integer, then R{n} will denote
the differential polynomial ring R{z1, . . . , zn} in n differential indeterminates
over R and, if a is an ideal of R, then a{n} will denote the extension aR{n},
that is the set of differential polynomials with coefficients in a.
Definition 4. Let p be a differential prime ideal ofR{n} and q be a differential
prime in R. We call p a differential upper to q if an only if p ∩ R = q and
p 6= q{n}. Otherwise, if p = q{n}, then p is called an extended differential
prime.
Definition 5. For every prime p in R, the field Rp/pRp will be called the
residue field of p and will be denoted by k(p).
The following theorem proved by Johnson in [5, Theorem of § 2] is the
core result on differential Krull dimension that bears the rest of this section.
Theorem 6 (Johnson). Let K be a differential field of characteristic zero
with m derivations. Then, for every n ∈ N,
type∆K{n} = m
dim∆K{n} = n
To study a fiber over a differential prime ideal via this theorem, we have to
require that the residue field of the differential prime ideal has characteristic
zero.
Definition 7. A differential ring R is called standard if, for every differential
prime ideal p of R, k(p) has characteristic zero.
If R is standard, then, for every n ≥ 1, R{z1, . . . , zn} is also standard.
Corollary 8. Let R be a standard ring with m derivations. Then, for ev-
ery differential prime p of R, the fiber over p for the contraction map has
differential type m and dimension n.
Ritt algebras are common and the most important examples of standard
rings. However, there are standard rings that are not Ritt algebras.
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Example 1. Let R be the following ordinary differential ring
Z(p){x, y, z, u}/[x
p − py, zp − x1 − pu, z1 − 1].
We claim that R is not the zero ring and, for all prime differential ideals of
R, their contractions to Z(p) are zero.
To prove the first assertion, we consider Q⊗Z(p) R. Hence, we have
Q⊗Z(p) R = Q{x, z, y, u}/[z1 − 1, y − x
p/p, u− (z2 − x1)/p] =
= Q{x, z}/[z1 − 1] = Q{x}[z].
In particular, we have just computed the fiber over the zero ideal, that coin-
cides with the differential spectrum of the ring R.
To prove the second assertion, we consider Fp ⊗Z(p) R. Hence, we have
Fp ⊗Z(p) R = Fp{x, y, u, z}/[x
p, zp − x1, z1 − 1] =
= Fp{y, u}[x, x1, z, z1]/(x
p, zp − x1, z1 − 1) = Fp{y, u}[z, x]/(x
p).
Let J denote the smallest radical differential ideal of this ring. We will show
that J is the whole ring. Indeed, since xp = 0, x ∈ J . Since J is differential,
x1 ∈ J . From the equality z
p = x1, it follows that z ∈ J . But z1 = 1. So,
1 ∈ J .
It should be noted that, if we are interested in the differential spectrum of
a standard differential ring R, then we can suppose that R is a Ritt algebra.
Indeed, we can replace R by the ring Q ⊗Z R. The differential spectrum of
the latter ring coincides with the differential spectrum of the ring R.
Since differential rings of characteristic p usually have big spectra, the
assertion of Theorem 6 might be wrong, as the following example shows.
Example 2. Let L = Fp(xn)n∈N be a purely transcendental extension of the
finite field Fp, the derivation ∂ is set to be zero. Then the ring of differential
polynomials L{y} has infinite differential type.
Indeed, for every subset X ⊆ N, we define IX to be the ideal generated by
{ypk − xk | k ∈ X}. The ideals IX are differential prime ideals. In N, one can
find a descending sequence of subsets Xk such that Xk \Xk+1 is countable.
Thus, the family IXk is a descending chain of differential prime ideals. Since
each set Xk \ Xk+1 is infinite, we can find a descending chain of sets Yk,n
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such that Yk,n \ Yk,n+1 is countable. Then we have a descending chain of the
corresponding differential prime ideals IYk,n.
Repeating this procedure for each Yk,n, we can produce a chain of dif-
ferential prime ideals of any differential type. Thus, the differential type of
L{y} is infinite.
Remark 9. Let S be a ring of finite Krull dimension, then we have the in-
equality ([9, Theorem 2])
dimS + 1 ≤ dimS[x] ≤ 2 · dimS + 1.
The next lemma shows possible bounds for the differential type of R{z}
in the spirit of the inequality in Remark 9.
Lemma 10. Let R be a standard differential ring of differential type t with
m derivations. Then we have
max(t,m) ≤ type∆R{z1, . . . , zn} ≤ t+m.
Proof. Since every chain in R extends to a chain in R{z1, . . . , zn}, then
t ≤ type∆R{n}. Furthermore, there is a chain of differential type m by
Corollary 8.
Let C be a chain realizing the differential type of R{n} and C ∩ R be the
chain in R consisting of contractions of ideals of C. Since there is no chain
of differential type m + 1 in the fiber over any differential prime, we have
type∆(C ∩R) ≥ type∆R{n} −m. Therefore, type∆R ≥ type∆R{n} −m.
Corollary 11. Let R be a standard differential rings of differential type t
with m derivations and n is a positive integer. Then
type∆R{n} ≤ type∆R{n+1}.
Proof. Since m ≤ type∆R{n} by Lemma 10, then the inequality is clear after
regarding R{n+1} = R{n}{zn+1}.
Corollary 12. Let R be a standard differential ring with m derivations. If
p, q ∈ Spec∆R, p ⊂ q and type∆ q/p = t. Then, for any q′ upper to q in
R{n}, we have type∆ q′/p{n} ≤ t +m.
Proof. Since the ring Rq/pRq has differential type t, the result follows from
Lemma 10.
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Lemma 13. Let R be a standard differential ring of differential type t such
that type∆R{n} = max(t,m). Then
a) n ≤ dim∆R{n} if t < m;
b) n+ dim∆R ≤ dim∆R{n} if t = m;
c) dim∆R ≤ dim∆R{n} if t > m.
Proof. In the case of dim∆R = ∞ the last two assertions are trivial, since
every chain in R can be extended to R{n}. The case of t < m is straight-
forwardly deduced from Corollary 8.
Furthermore, let p0 ⊂ . . . ,⊂ pd be a chain realizing the differential di-
mension of R. Then, by Corollary 8, there is a chain p
{n}
0 ⊂ . . . ⊂ p
{n}
d ⊂
q1 ⊂ . . . ⊂ qn, where all qi are uppers to pd. If t = m, this chain has di-
mension at least d + n = dim∆R + n. In the last case, the inequality holds
since every chain in R can be extended to R{n} (the type of q1 ⊂ . . . ⊂ qn
less then type∆R{n} = t, so the chain has dimension zero).
There is no reason for dimension to be bounded above in general, but in
special cases upper bound exists.
Lemma 14. Let R be a standard differential ring of differential type t with
m derivations. Then
1. n ≤ dim∆R{n} ≤ n · dim∆R if t = 0;
2. 1 ≤ dim∆R{n} ≤ dim∆R if type∆R{n} = t+m.
Proof. (1). By Lemma 10, the type of R{n} is m. By Corollary 8, the fiber
over every differential prime ideal has dimension n, therefore, dim∆R{n} ≤
n · dim∆R. And the left-hand part follows Lemma 13.
(2). The left-hand inequality is obvious. Since the contraction of a chain
of differential type t+m in R{n} is a differential type t chain by Corollary 12,
the right-hand inequality is clear.
Definition 15. Let R be a differential ring of finite differential type with
m derivations. We say that R is a J-ring if, for every n > 0, max(t,m) =
type∆R{z1, . . . , zn} and
1. dim∆R{z1, . . . , zn} = n if t < m;
2. dim∆R <∞ and dim∆R{z1, . . . , zn} = n+ dim
∆R if t = m;
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3. dim∆R <∞ and dim∆R{z1, . . . , zn} = dim
∆R if t > m.
These rings have the minimal possible values for both the differential type
and the differential dimension of R{n}, i.e., the lower bound of the inequalities
in Lemma 13 holds. This is a differential analogue of Jaffard rings, that is,
rings R with dimR[x1, . . . , xn] = dimR+n for every n, i.e., the lower bound
of the inequality in Remark 9 holds. The class of Jaffard rings is relatively
wide, for example, finite dimensional Noetherian rings are Jaffard. Our goal
is to establish similar results for the class of J-rings.
Lemma 16. Let R be a differential ring of finite differential type t and p be
a differential prime ideal in R. If ht∆ p =∞, then, for every integer n ≥ 0,
there exists a differential prime pn ⊂ p such that ht
∆ pn = n.
Proof. Suppose that the contrary holds. Obviously, if there is a differential
prime ideal q with ht∆ q = n, then, for every k 6 n, there is a differential
prime ideal q with ht∆ q = k. Now, we may suppose that there exists k such
that our claim is false for k, then, for every differential prime q ⊂ p such that
ht∆ q ≥ k, ht∆ q =∞.
Let q be a differential prime of infinite height in R. We will find a dif-
ferential prime q′ in R such that type∆ q/q′ = t and ht∆ q′ = ∞. Since
ht∆ q =∞, there is a chain
pk+1 ⊂ . . . ⊂ p0 ⊂ q
such that type∆ pi/pi+1 = t. Since ht∆ p1 ≥ k, ht∆ p1 = ∞. Also t =
type∆ p0/p1 ≤ type∆ q/p1 ≤ t, therefore q′ = p1 is the required ideal.
Let q0 = p. Applying the procedure above to qi and denoting qi+1 = q
′
i,
we will obtain the chain p = q0 ⊃ q1 ⊃ q2 ⊃ . . . such that type
∆ qi/qi+1 = t.
Hence, we have type∆R > t, a contradiction.
The next two lemmas are quite similar, the only difference arises from the
definition of J-rings. Namely, the case of differential rings with differential
type less then the number of derivations is slightly different from another
ones; the finiteness of the differential dimension is not assumed.
Lemma 17. Let R be a differential ring of finite differential type t < m.
If R is not a J-ring, then, for at least one pair of differential prime ideals
p ⊂ m, Rm/pRm is not a J-ring.
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Proof. Suppose that the definition of a J-ring does not hold for a natural
number n > 0. If type∆R{n} > max(t,m), then let q1 ⊂ q2 be differential
primes in R{n} such that type∆ q2/q1 = type
∆R{n}. Then q1 ∩R ⊂ q2 ∩R is
the required pair.
Now, suppose that type∆R{n} = m = max(t,m). Since t < m, we only
need to show that the first condition of Definition 15 does not hold. Consider
a chain q1 ⊂ . . . ⊂ qr in R
{n} such that r = dim∆R{n} if dim∆R{n} < ∞,
or r = n + 1 otherwise. In both cases, we have r > n. Then, obviously, our
assertion holds for q1 ∩R ⊂ qr ∩ R.
Lemma 18. Let R be a differential ring of finite differential type t ≥ m.
Suppose that the ring R satisfies the following property: if type∆R{n} = t for
every n, then dim∆R < ∞. If R is not a J-ring, then, for at least one pair
of differential prime ideals p ⊂ m, Rm/pRm is not a J-ring.
Proof. Suppose that, for some natural number n > 0, type∆R{n} > t =
max(t,m). Let q1 ⊂ q2 be differential primes in R
{n} such that type∆ q2/q1 =
type∆R{n}. Then q1 ∩ R ⊂ q2 ∩ R is the required pair.
Now, suppose that type∆R{n} = t for every n. Since t ≥ m, we should
cotradict to the second and the third conditions of Definition 15. Under the
hypothesis of the proposition, dim∆R <∞. Let n be a natural number such
that the definition of J-ring does not hold for n. There are two cases, either
dim∆R{n} is finite or not. If dim∆R{n} = ∞, there is a chain q1 ⊂ . . . ⊂ qr
with r = dim∆R+n+1. Otherwise, we have either t = m and dim∆R{n} >
n+ dim∆R, or t > m and dim∆R{n} > dim∆R. In these cases, we consider
a chain q1 ⊂ . . . ⊂ qr in R
{n} such that r = dim∆R{n}. In all cases, we see
that q1 ∩R ⊂ qr ∩R is the desired pair of prime differential ideals of R.
Since we are mostly dealing with ordinary differential rings in the rest of
the paper, the following lemma will be very useful.
Lemma 19. Let K be an ordinary differential field of characteristic zero.
Then, for every nonzero differential prime ideal p of K{z},
ht∆ p = 1.
Moreover, for every infinite descending chain C of prime differential ide-
als, we have ⋂
q∈C
q = 0.
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Proof. By Proposition 3 of [4, Chapter III, Section 2], we obtain the first
assertion. Since the algebra K{z}/p is differentially algebraic over K, the
differential type of this quotient is 0 by Theorem in Section 2 of [5]. Hence,
all descending chains of differential prime ideals of K{z}/p are finite.
Remark 20. By Ritt-Raudenbush’s basis theorem [10, Chapter II, Section 4,
Theorem 1], all ascending chains in K{n} have finite length if K has charac-
teristic zero, therefore, an infinite chain has to be descending.
3. Special Chain Theorem
In this section we prove our main result, that is Theorem 29. As an
immediate corollary, we obtain that all ordinary standard Jaffard rings are
J-rings.
3.1. Auxiliary lemmas
Lemma 21. Let R be an ordinary standard differential ring with the con-
dition type∆R{z} = 1. Let q′ ⊂ q be differential primes in R such that
type∆ q/q′ = 0, p′ ⊆ p be differential primes in R{z} of finite differen-
tial height such that p′ ∩ R = q′ and p is a differential upper to q. If
ht∆ p = ht∆ p′ + 1, then ht∆ p = ht∆ q{z} + 1.
Proof. The inequality ht∆ p ≥ ht∆ q{z}+ 1 follows from Theorem 6.
Since there is a chain C between p′ and p of differential type 1 and all
descending chains between q′ and q have a finite length, there is a differential
prime t in R between q′ and q such that there are infinite number of elements
of C lying over t. By Remark 20, the chain over t has differential type 1,
and, consequently, differential dimension 1, so ht∆ p/t{z} = 1. Therefore,
ht∆ t{z} ≤ ht∆ p− 1.
Since p′ ⊂ pα for each pα ∈ C and
t{z} =
⋂
pα∈C
pα∩R=t
pα
by Lemma 19, we have p′ ⊂ t{z} and, therefore, ht∆ p′ ≤ ht∆ t{z}.
So, we have
ht∆ p = ht∆ p′ + 1 ≤ ht∆ t{z} + 1 ≤ ht∆ q{z}+ 1.
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Lemma 22. Let R be an ordinary standard differential ring of finite differ-
ential type, n ≥ 1 be an integer such that type∆R{n} = type∆R, and p be a
differential prime ideal in R{n}. If ht∆ p <∞, then ht∆(p ∩R) <∞.
Proof. Since every chain of differential prime ideals in R can be extended to
a chain in R{n} of the same differential type, the differential height of the
contraction of p cannot be infinite.
Corollary 23. Let R be a standard differential ring with one derivation
such that type∆R ≤ 1. Let n ≥ 1 be an integer such that type∆R{n} = 1.
If a differential prime p in R{n} has finite differential height, then, for every
0 < k < n, p ∩ R{k} also has finite differential height.
Proof. By Corollary 11, we have type∆R{k} = 1 for k > 0. Therefore, the
result follows from Lemma 22.
Lemma 24. Let R be an ordinary standard differential ring such that
type∆R ≤ 1 and type∆R{z} = 1.
Let q be a differential prime ideal in R and p be a differential upper to q in
R{z}. If ht∆ p <∞, then
ht∆ p = ht∆ q{z}+ 1.
If we additionally suppose that, for some natural number n > 0, type∆R{n} =
1 and p{z2, . . . , zn} has finite differential height, then
ht∆ p{z2, . . . , zn} = ht
∆ q{z1, . . . , zn}+ 1.
Proof. The inequality ht∆ p ≥ ht∆ q{z} + 1 follows from Lemma 19. So, we
have to show the inverse one.
Since ht∆ p/q{z} = 1, then m = ht∆ p ≥ 1. Let p1 be a differential
prime with ht∆ p1 = m − 1 in a chain realizing differential height of p and
q1 = p1 ∩ R. If type
∆R = 0, then type∆ q/q1 = 0 and we are done by
Lemma 21. So, we may suppose that type∆R = 1.
We use the induction by ht∆ q. If ht∆ q = 0, then type∆ q/q1 = 0 and we
are done by Lemma 21.
If ht∆ q/q1 ≥ 1, then
ht∆ p = ht∆ p1 + 1 ≤ ht
∆ q1{z} + 2 ≤ ht
∆ q{z} + 1.
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As for the second assertion, we have
p{z2, . . . , zn} ∩ R{z2, . . . , zn} = q{z2, . . . , zn}
and, after considering the ring R{z2, . . . , zn} as R, p{z2, . . . , zn} as p, and
q{z2, . . . , zn} as q, the result follows from the first part of the lemma.
Proposition 25. Let R be an ordinary standard differential ring such that
type∆R ≤ 1, n ≥ 1 be an integer number such that type∆R{n} = 1, and p
be a differential upper to q in R{n}. If p has a finite differential height, then
ht∆ p = ht∆ q{n} + ht∆ p/q{n}.
Proof. The inequality ht∆ p ≥ ht∆ q{n} + ht∆ p/q{n} is clear. So, we must
show the inverse one.
We induce by n. The case n = 1 immediately follows from Lemma 24.
Therefore, we assume that the result holds for all k < n. Set p1 = p∩R{z1},
then p1 has a finite differential height by Corollary 23. If p1 = q{z1}, then,
representing R{z1, . . . , zn} as R{z1}{z2, . . . , zn}, we derive the result from
the induction hypothesis.
If q{z1} ⊂ p1, then Lemma 24 implies that
ht∆ p1{z2, . . . , zn} = ht
∆ q{z1, . . . , zn}+ 1
and if p = p1{z2, . . . , zn}, then we are done. Now, we may suppose that
p ⊃ p1{z2, . . . , zn}. Therefore, the induction assumption implies that
ht∆ p = ht∆ p1{z2, . . . , zn}+ ht
∆ p/p1{z2, . . . , zn} =
= 1 + ht∆ q{z1, . . . , zn}+ ht
∆ p/p1{z2, . . . , zn}.
Since q{z1} ⊂ p1, ht
∆ p1/q{z1} = 1 by Lemma 19. Also, since every differen-
tial prime q′ in R{z1} can be extended to the differential prime q
′{z2, . . . , zn}
in R{n}, every chain between q{z1} and p1 can be extended to a chain between
q{z1, . . . , zn} and p1{z2, . . . , zn}. Therefore, we have
1 + ht∆ p/p1{z2, . . . , zn} ≤ ht
∆ p/q{z1, . . . , zn}.
The latter inequality implies that
ht∆ p ≤ ht∆ q{z1, . . . , zn}+ ht
∆ p/q{z1, . . . , zn}.
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Lemma 26. Let R be an ordinary standard differential ring satisfying the
condition type∆R{n} = t ≥ 2. Let q′ ⊂ q be differential primes in R such
that type∆ q/q′ < t, p′ ⊆ p be differential primes in R{n} of finite differential
height such that p′ ∩ R = q′ and p is a differential upper to q. If ht∆ p =
ht∆ p′ + 1, then ht∆ p = ht∆ q{n}.
Proof. The inequality ht∆ p ≥ ht∆ q{n} is clear, we must show the inverse
one.
By Corollary 12 and the assumption on type∆ q′/q, we have type∆ q/q′ =
t − 1. There is the only way to get a chain of differential type t between p
and p′. Namely, there is a chain C = {q′ ⊂ . . . ⊂ qα ⊂ . . . ⊂ q0 ⊂ q} such
that, for every qα ∈ C, there exists pα being a differential upper to qα such
that pα ⊂ q
{n}
α−1 for every α. Therefore, ht
∆ p = ht∆ q
{n}
0 ≤ ht
∆ q{n}.
Lemma 27. Let R be an ordinary standard differential ring with the condi-
tion type∆R = t > 1. Let q be a differential prime in R and p be an upper
to q in R{z} of finite differential height. Then
ht∆ p = ht∆ q{z},
and, for any positive integer n such that ht∆ p{z2, . . . , zn} <∞, we have
ht∆ p{z2, . . . , zn} = ht
∆ q{n}.
Proof. The inequality ht∆ p ≥ ht∆ q{z} is clear. If ht∆ p = 0, we are done.
So, we may suppose that ht∆ p ≥ 1. Let p′ be a differential prime in a chain
realizing the differential height of p with ht∆ p′ = ht∆ p−1 and let q′ = p′∩R.
From Corollary 12, it follows that
type∆R{z} − 1 ≤ type∆ q/q′ ≤ type∆R ≤ type∆R{z}.
The case of type∆ q/q′ = type∆R{z} − 1 follows from Lemma 26.
In the second case, by Lemma 22, we have that ht∆ q < ∞ and ht∆ q′ <
ht∆ q. We will use the induction by ht∆ q. In the case of ht∆ q = 1, we have
ht∆ p′ = ht∆ q′{z} by the first part of the proof. Otherwise, by the induction
hypothesis, we have ht∆ p′ = ht∆ q′{z}. Therefore,
ht∆ p = ht∆ p′ + 1 = ht∆ q′{z}+ 1 ≤ ht∆ q{z}.
Since q{z2, . . . , zn} = R{z2, . . . , zn}∩p{z2, . . . , zn}, then, after considering
R{n} as R{z2, . . . , zn}{z1}, the second assertion follows from the first one.
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Lemma 28. Let R be an ordinary standard differential ring satisfying the
condition type∆R = t ≥ 1. Let p be a differential prime of finite differential
height in R{n} and p ∩ R = q. Then, for every positive integer n such that
type∆R{n} ≥ 2, we have ht∆ p = ht∆ q{n}.
Proof. If p = q{n} our claim is trivial.
The case of type∆R = 1 follows from Lemma 26 since type∆R{n} ≥ 2. We
may suppose that type∆R > 1, then, by Lemma 10, type∆R{n} ≥ type∆R >
1 for every n.
We use the induction by n. The base follows from Lemma 27. Therefore,
we assume that the result holds for all k < n. Set p1 = p ∩ R
{n−1}. By
Lemma 27, ht∆ p1{zn} = ht
∆ p, so p1{zn} has finite differential height. If
p1{zn} = q
{n}, then we are done. Otherwise, p1{zn} is an upper to q{zn}
because p1{zn} ∩ R{zn} = q{zn}. After regarding R
{n} as R{zn}
{n−1}, we
have ht∆ p1{zn} = ht
∆ q{n} by the induction hypothesis.
3.2. The main theorem and its corollaries
Theorem 29 (Special Chain Theorem). Let R be an ordinary standard dif-
ferential ring of finite differential type, then, for every positive integer n, the
following holds
ht∆ p = ht∆ q{n} + ht∆ p/q{n},
where p ∈ Spec∆R{n} and p ∩R = q.
Proof. Let ht∆ p < ∞. If type∆R{n} = 1, the result follows from Proposi-
tion 25, otherwise from Lemma 28.
If ht∆ p = ∞, then it follows from Lemma 16 that, for every i, there is
pi ⊂ p with ht
∆ pi = i. By the case of finite differential height, we have
ht∆(pi ∩ R)
{n} ≥ i− n. Therefore, ht∆ q{n} =∞.
This differential analogue of Jaffard’s theorem (see [7, 2.3] and [8, Theo-
rem 1]) will be our main tool for the investigation of the differential dimension
of certain classes of rings.
Jaffard proved in [6, The´ore`me 2] that the sequence
dn = dimR[x1, . . . , xn]− dimR[x1, . . . , xn−1]
is eventually constant and the eventual value dR is at most dimR+1. There-
fore, there is an equality dimR[x1, . . . , xn] = dR · n+C for some constant C
and sufficiently large n-th.
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For each ideal q ⊂ R{n}, we use the following notation
qm = q ∩R[z1, . . . , ∂
mz1, . . . , zn, . . . , ∂
mzn].
Let R be an ordinary standard differential ring of finite Krull dimension,
then type∆R = 0 and, by Lemma 10, type∆R{n} = 1 for every n. Also, by
Lemma 14, dim∆R{n} <∞.
Theorem 30. Let R be an ordinary standard differential ring of finite Krull
dimension. If, for some n, we have dim∆R{n} > n, then dR > 1.
Proof. Let m be a differential prime in R{n} and q = m∩R such that ht∆m =
dim∆R{n} > n. By Theorem 29, we have ht∆m = ht∆ q{n} + ht∆m/q{n}.
Also, by Corollary 8, ht∆m/q{n} ≤ n. Therefore, ht∆ q{n} > 0 and, by the
argument similar to the proof of Lemma 21, there are a differential prime
t ⊂ q in R and a differential prime ideal p in R{n} that is upper to t such
that p ⊂ q{n}. Since we have the inclusion
pm ⊂ q[z1, . . . , ∂
mz1, . . . , zn, . . . , ∂
mzn]
and there is a chain of n · (m+1) primes in R[z1, . . . , ∂
mz1, . . . , zn, . . . , ∂
mzn]
over q, then ht pm + n · (m+ 1) < dR · n · (m+ 1) +C. Assume that dR = 1,
then we have ht pm < C.
There is an infinite chain p = p0 ⊃ p1 ⊃ . . . ⊃ t{n} of differential type
1. Let fi be polynomials such that fi ∈ p
i−1 and fi /∈ p
i. Suppose kj is the
minimal integer such that
fi ∈ R[z1, . . . , ∂
kjz1, . . . , zn, . . . , ∂
kjzn] for all i < j.
Therefore, there is a chain pkj ⊃ p
1
kj
⊃ . . . ⊃ pjkj and
ht pkj > j.
A contradiction with dR = 1.
Corollary 31. If R is a Jaffard ring that is ordinary and standard, then R
is a J-ring.
Proof. By definition, R has finite Krull dimension and dn = 1 for every n.
Corollary 32. If R is a Noetherian standard differential ring with one
derivation, then R is a J-ring.
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Proof. Since a Noetherian local ring has finite Krull dimension ([11, Corol-
lary 11.11]), all chains in R have finite length. Hence, type∆R = 0.
Supoe that our assumption is wrong. Since type∆R = 0 and R is ordi-
nary, by Lemma 17, Rm is not a J-ring for some m. But Rm is local Noetherian
and, hence, Jaffard by [8, Corollary 2].
Remark 33. In the case of type∆R < type∆R{n}, one should not expect a
“good” behavior of differential height. For example, let R be the Nagata
example [12, A1, p. 203, Example 1] of a Noetherian ring with dimR = ∞
and ∂ be the zero derivation. We have type∆R = 0, and there are prime
ideals such that ht∆ q = k for every k. However, for every prime ideal q
in R, ht∆ q{z} = 0. Furthermore, we expect that there exists a ring with
ht∆ p =∞ and ht∆ p{z} = 0.
4. Examples of J-rings
In this section we are going to establish some well-known classes of rings
included in the class of J-rings.
4.1. ∆-arithmetical rings
Our first class is an analogue of arithmetical rings. Arithmetical rings are
important since every Pru¨fer domain is arithmetical.
Definition 34. A ring A is called arithmetical if every finitely generated
ideal is locally principal, that is, for every finitely generated ideal a, the
image of a in Ap is principal for every prime ideal p in A.
Arithmetical rings are Jaffard [13, Theorem 4].
Definition 35. A ∆-arithmetical ring is a differential ring A such that, for
every finitely generated ideal a, aAp is principle ideal for every differential
prime p.
Remark 36. It is well-known that an integer domain is arithmetical if and
only if it is a Pru¨fer domain[14, Chapter 1, Section 6, Theorem 62]. Consider
a local ∆-arithmetical domain, such that the maximal ideal is differential.
Then this ring is a local Pru¨fer domain, i.e. a valuation domain.
The following example shows that there are ∆-arithmetical rings that are
not arithmetical.
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Example 3. Let O be the Krull example of an integrally closed one-dimen-
sional local domain not being a valuation ring [15, p. 670f]. We will recall
the construction. Let K be an algebraically closed field, x and y are inde-
terminates. The ring O consists of the rational functions r(x, y) such that x
does not divide denominator of r(x, y) and r(0, y) ∈ K. Let y and elements
of K be constant and x′ = 1.
The ring O is local and is not a valuation ring, so, O is not a Pru¨fer
domain. The only differential prime is (0) and, in the field of fractions of O,
every ideal is principle.
Proposition 37. Let p be a differential prime ideal of a ∆-arithmetical do-
main O. If q is a differential upper to zero, then q * p{z1, . . . , zn}.
Proof. We will follow Seidenberg’s proof ([9, Theorem 4]).
We may assume that O is local and p is the maximal ideal. Then O is a
valuation domain. Let f ∈ q, then f = c · g, where c ∈ p and g has at least
one coefficient equal to 1. Therefore, g ∈ q and g /∈ p{z1, . . . , zn}.
4.2. Derivations with special properties
Let us recall that the characteristic of a ring R is the natural number n
such that nZ is the kernel of the unique ring homomorphism from Z to R.
Lemma 38. Let O be a differential integral domain of characteristic zero, p is
a differential upper to zero in O{z1, . . . , zn}. If there is a nonzero polynomial
f ∈ p such that its coefficients are constant for some ∂ ∈ ∆, then there is
f ∗ ∈ p such that f ∗ has relatively prime coefficients in Z.
Proof. Every non-zero polynomial f with constant coefficients can be pre-
sented as the following sum
a1f1 + . . .+ anfn,
where ai ∈ O are constant and fi are polynomials with integer coefficients.
Let f ∈ p be taken such that n is minimal among all such numbers. If n = 1,
then f = af1 ∈ p. Since p is prime and p ∩ O = 0, f1 ∈ p.
Suppose that n > 1, then
∂f = a1∂f1 + . . .+ an∂fn.
Set g to be the following polynomial
f1∂f − ∂f1f = a2g2 + . . .+ angn,
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where gi = ∂fif1 − ∂f1fi. The polynomial g has constant coefficients. From
the definition of f , it follows that g = 0. Let L be the field of fractions
of O, then the fraction f1/f is a ∂-constant in L〈y1, . . . , yn〉. Therefore,
f1/f belongs to the subfield of ∂-constants of L [10, Chapter II, Section 9,
Corollary 5 of Theorem 4]. In particular, af1 = bf for some elements a, b ∈ O.
Thus, af1 ∈ p and again f1 ∈ p.
So, we have a polynomial f with integral coefficients in p. We may
suppose that coefficients of f are coprime because f = df ′, where d is the
greatest common divisor of the coefficients. Since p is an upper to zero, d /∈ p.
Thus, f ′ ∈ p.
Remark 39. If the ring O is a Ritt algebra in the previous theorem, then all
coefficients of f ∗ are invertible.
Lemma 40. Let (O,m) be a differential local integral domain of character-
istic zero and p be an upper to zero in Spec∆O{z1, . . . , zn}. If there is f ∈ p
with the property: there is ∂ ∈ ∆ such that every coefficient a of f satisfies
∂n(a) = 0 for some natural n. Then there exists h ∈ p having relatively
prime coefficients in Z.
Proof. We will say that a ∈ O is ∂-nilpotent if ∂n(a) = 0 for some n. If
a ∈ O is ∂-nilpotent than we define d(a) to be the maximal n ∈ N such that
∂n(a) 6= 0.
Every polynomial f with ∂-nilpotent coefficients can be presented as the
following sum
a1f1 + . . .+ anfn,
where ai ∈ O are ∂-nilpotent, d(a1) > d(a2) > . . . > d(an), and all fi have
integer coefficients. For such representation of f , we set d(f) = d(a1) and
define n(f) to be the maximal number i such that d(ai) = d(f).
Let f be a non-zero polynomial of p with ∂-nilpotent coefficients and its
representation
a1f1 + . . .+ anfn
be chosen such that the pair (d(f), n(f)) is lexicographically minimal. If
d(f) = 0, then the lemma follows from Lemma 38. Suppose that d(f) > 0.
Let g be as follows
g = f1∂f − ∂f1f = a2g2 + . . .+ angn + ∂(a1)h1 + . . .+ ∂(an)hn,
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where gi = ∂fif1 − ∂f1fi, hi = f1fi. Then g has ∂-nilpotent coefficients and
this representation for g is less than the initial representation of f . Thus,
g = 0. So, we have f1∂f = ∂f1f . As in the proof of Lemma 38, we derive
that af1 ∈ p for some a ∈ O. And since p ∩ O = 0, f1 ∈ p.
Lemma 41. Let (O,m) be a differential local integral domain of charac-
teristic zero, p is a differential upper to zero in O{z1, . . . , zn}. If there
is f ∈ p such that all coefficients are ∂-nilpotent for some ∂ ∈ ∆, then
p * m{z1, . . . , zn}.
Proof. By Lemma 40, there is f ∗ ∈ p with coefficients in Z. If m ∩ Z = 0
then O ⊃ Q and, by Remark 39, f ∗ /∈ m{n}. Otherwise, since O is local,
Z(p) ⊂ O for some prime p. Therefore, since coefficients are relatively prime,
at least one coefficient is not divisible by p. Thus, f ∗ /∈ m{n}.
4.3. An application of the Special Chain Theorem
We will say that a differential ring R satisfies the property S3, if, for
every natural number n > 0, for every differential prime ideals q1 ⊂ q2 in
R, there is no differential prime p in R{n} such that p is an upper to q1 and
p ⊂ q
{n}
2 . This property has a sense like being a Stable Strong S-Domain for
usual polynomial extensions.
Remark 42. If S3 holds, every element of a chain that ends in q{n} is an
extended prime too. Therefore, for every chain C that ends in extended
prime, type∆ C = type∆ C ∩R.
Theorem 43. Let R be an ordinary standard differential ring of finite differ-
ential type that satisfies S3. Suppose that either type∆R = 0 or dim∆R <
∞, then R is a J-ring.
Proof. Let n > 0 be a natural number. By Lemma 10, 1 ≤ type∆R{n} <∞.
First, we will show that type∆R{n} = max(type∆R, 1).
If there exists such differential prime q in R such that ht∆ q{n} > 0, then
applying Remark 42 to the chain realizing differential height of q, we have
type∆R ≥ type∆R{n}. Therefore, type∆R = type∆R{n}.
In the second case, all extended primes have differential height zero. Sup-
pose that type∆R = type∆R{n} then, by Remark 3, there exists q ⊂ R of
nonzero differential height, so ht∆ q{n} > 0. Hence type∆R < type∆R{n}.
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By Remark 3, there exist p ⊂ R{n} of nonzero differential height. By Theo-
rem 29, we have
0 < ht∆ p = ht∆(p ∩ R){n} + ht∆ p/(p ∩ R){n} = ht∆ p/(p ∩ R){n}.
But by Theorem 6, type∆ p/p ∩ R{n} = 1. Therefore, type∆R{n} = 1 =
max(type∆R, 1).
Now, we will prove the assertion about the differential dimension. If
type∆R = 0, then type∆R{n} = 1 and the property S3 implies that, for every
extended prime, ht∆ q{n} = 0. By Theorem 29, ht∆ p = ht∆ p/p ∩ R{n} ≤ n
for every differential prime p and, by Theorem 6, there exists p such that
ht∆ p/p ∩ R{n} = n. So, dim∆R{n} = n.
By Theorem 29, ht∆ p = ht∆(p∩R){n}+ht∆ p/(p∩R){n} for every differ-
ential prime p in R{n}. Since S3 holds, ht∆(p ∩ R){n} = ht∆ p ∩ R. In
the case of type∆R = 1, we have ht∆ p ≤ dim∆R + n. Consequently,
dim∆R{n} = dim∆R + n. Otherwise, if type∆R > 1, we have ht∆ p =
ht∆(p ∩ R){n} ≤ dim∆R. Hence, dim∆R{n} = dim∆R.
Remark 44. Since valuation domains of finite Krull dimension are Jaffard([8,
Corollary 2], [13, Theorem 4]), we could use Corollary 31 to prove that all
∆-arithmetical rings of finite Krull dimension are J-rings. However, we are
able to prove this without the assumption to have finite Krull dimension.
Corollary 45. Let R be an ordinary standard differential ring of finite dif-
ferential type that has either differential type zero or finite differential dimen-
sion. If R is ∆-arithmetical then R is a J-ring.
Proof. Let n > 0 be an integer, q′ ⊂ q differential primes in R and p be a
differential upper to q′ in R{n}. An application of Proposition 37 to R/q′
shows that R satisfies S3. By the previous theorem, R is J-ring.
Corollary 46. Let R be an ordinary standard differential ring of finite dif-
ferential type with locally nilpotent derivation that has either differential type
zero or finite differential dimension. Then R is a J-ring.
Proof. Let n > 0 be an integer, q′ ⊂ q differential primes in R and p be a
differential upper to q′ in R{n}. Suppose that p ⊂ q{n}. Let f ∈ pRq/q
′Rq,
then c · f has ∂-nilpotent coefficients, where c is the product of coefficients
denominators of f . Since Rq/q
′Rq is a local integral domain, we have a
contradiction with Lemma 41. Therefore, R satisfies S3 and, consequently,
is a J-ring.
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We have shown that chains of differential prime ideals in polynomial ex-
tensions are affected by both the commutative structure of the base ring
(Jaffard rings and ∆-arithmetical rings) and by properties of derivations (lo-
cally nilpotent derivation). This implies that standard rings that are not
J-rings have to be rare. Namely, an example of a standard ordinary differen-
tial ring of finite Krull dimension that is not a J-ring should be a non-Jaffard
ring that admits non-trivial derivation. Moreover, an example of a standard
ordinary ring such that max(type∆R, 1) < type∆R{z} have to be even more
complicated.
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